We demonstrate a new method for creation of surface nanoscale axial photonics (SNAP) microresonators with harmonic profiles via fiber tapering in a laser-heated microfurnace. The simple procedure makes microresonators that support hundreds of axial modes with good spacing uniformity, yielding a promising prospective method for fabricating miniature frequency comb generators and dispersionless delay lines.
Optical microresonators with dispersionless (equidistant) spectra do not distort the temporal shape of a pulse of light stored within them [1] [2] [3] [4] . This makes such optical microresonators a promising platform for dispersion-free delay lines, optical buffers, and frequencycomb generators [5] [6] [7] . Microresonators with equidistant spectra over tens of axial modes have been demonstrated in miniature photonic crystal cavities [8] , semiconductor microtubes [9] , and Surface Nanoscale Axial Photonics (SNAP) [10, 11] . Currently, the most promising miniature devices for frequency comb generation are toroidal microresonators which possess azimuthal eigenfrequencies with small dispersion and enable the generation of octave-spanning combs [12, 13] . However, these resonators require a relatively large device footprint for generation of combs with low repetition rates [14] . On the other hand, SNAP microresonators fabricated by nanoscale deformation of an optical fiber can achieve these same low repetition rates with much smaller device footprints (for microresonators with repetition rates R R ≈ 6 GHz: toroidal footprint ≈ 80 mm 2 ; SNAP footprint ≈ 0.06 mm 2 ) and therefore offer a promising alternative for fabrication of miniature frequency combs which simultaneously have low repetition rate and broad bandwidth [5, 7] .
In this Letter, we report use of a relatively simple fiber tapering technique for fabrication of SNAP bottle microresonators with large harmonic profiles, which give rise to spectra with good eigenfrequency equidistance over hundreds of axial modes. The developed method is based on the observation made by Birks, Knight, and Dimmick in their work suggesting and demonstrating a method for high-precision characterization of optical fiber taper profiles [15] . Their measurements showed that the taper waist regions, which were designed to be uniform, had small radius variation on the order of a few hundred nanometers. This variation is negligible for most applications involving light traveling through the taper, but dramatically changes the behavior of whis- * Corresponding author: vitullod+journal@gmail.com pering gallery modes traveling around the surface of the taper, forming SNAP microresonators.
The SNAP platform leverages the exceptional uniformity of optical fiber surfaces to make optical microresonators with ultra-low loss (intrinsic quality factors Q ≈ 10 8 ) [11] . SNAP devices are usually fabricated by annealing the fiber surface with a focused CO 2 laser, which grants sub-angstrom fabrication precision in effective radius variation (ERV) [16] . Semiparabolic SNAP bottle microresonators have been previously fabricated by scanning the laser along the fiber surface following a complicated pattern, but this process yielded low repeatability [5] . The newly discovered bottle microresonators made via tapering, as described below, have a small footprint (∼0.06 mm 2 ), 2 mm extent, and ERV heights of order 100 nm, which is an order of magnitude larger than the height that can be produced with the standard laser annealing approach.
We taper fibers with a heat-and-pull rig [17, 18] where a CO 2 laser heats a cylindrical sapphire microfurnace surrounding a 125 µm diameter optical fiber (see Fig.  1 ). The fiber is pulled with computer-controlled linear translation stages after being loaded, spliced, and posi- tioned. The splice is positioned so it is not included in the tapered region, as its inclusion distorts the resulting SNAP device. The tapering procedure consists of moving both stages with different speeds in the same direction for some distance, completing what we call a half cycle, and then they simultaneously stop and move in the opposite direction until they have completed a full cycle. The stage with the position along the direction of motion with the largest value is referred to as the leading stage, while its partner is referred to as the trailing stage. The stages swap roles at the end of each half cycle. Let L be the length of the fiber that passes through the heated portion of the microfurnace, set by the distance traveled by the trailing stage, and dx be the "stretch" or extra distance traveled by the leading stage to pull the heated fiber. For each half-cycle of the tapering process, the trailing stage moves L = 3 mm while the leading stage moves L + dx = 4 mm. This produces tapers with taper waists (i.e. the diameter at the thinnest point
where d 0 = 125 µm is the initial diameter of the fiber and N is the number of full cycles. The tapers with harmonic microresonators described below were made using N = 5 cycles, and thus have a nominal waist diameter of d = 30 µm. We refer to one of these relatively large tapers as the taper under test (TUT).
The nominal structure of a fiber taper is diagrammed in Fig. 2 , following the simple model for predicting taper shape given tapering parameters from [15] . The actual profile of the radius r(z) as a function of longitudinal position along the TUT z, is precisely characterized with a probe microtaper with a 1.7 µm diameter waist (N =15) using the method described in detail in [19] [20] [21] . Put briefly, the probe taper is oriented transverse to the TUT and placed into contact so as to efficiently couple light propagating through the probe taper to the whispering gallery modes along the perimeter of the TUT. Interference between light transmitted past the TUT and light coupled from the whispering gallery modes back into the probe results in narrow dips in the transmission spectrum at resonant wavelengths. The radial profile r(z) of the TUT can be characterized with high precision through construction of a spectrogram, which shows the transmission spectrum vs. position along the fiber with the transmission amplitude encoded in color (see for example Fig.  3 ). The probe moves to measurement positions arranged in a uniform grid along the TUT following the path described in Section 4.2 of [16] , which prevents sticking or dragging. The whispering gallery mode structure shown in a spectrogram can be modeled using a 1D Schrödinger equation, and the potential is set by the effective radius variation (ERV) of the TUT.
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where λ m,p,s is the cutoff wavelength that bounds the microresonator profile, ζ 1,2,3,··· = 2.338, 4.088, 5.521, · · · are the absolute values of the Airy function roots, which can be approximated ζ p ≈ 
The axial mode series is bounded from above by a cutoff wavelength that is directly proportional to the ERV through the rescaling relation where ∆r = r(z) − r 0 is the variation of the radius at position z from the reference radius r 0 , λ 0 is the cutoff wavelength for radius r 0 , ∆λ = λ − λ 0 , and the relation is valid for small radius variation where ∆r r 0 . This method interrogates the radius profile r(z) of the TUT with subangstrom ERV precision. Characterization of taper profiles was performed by Birks, Knight, and Dimmick, who found small variation in the radial profile of tapers with nominally 20 µm diameter, which is negligible for most applications involving light traveling through a taper, but is a substantial change for whispering gallery modes traveling around one [24] .
The SNAP bottle microresonators reported herein have a 30 µm nominal waist diameter with a 2 mm long waist region. The tapering process does not give rise to identical microresonators each time, but they consistently have hundreds of axial modes with order 100 nm ERV height, loaded quality factors Q ≈ 10 6 , and 6 GHz frequency separation between axial modes. Spectrograms characterizing two exemplar microresonators, labeled tapers A and B, are shown in Fig. 3 . The taper waist region lies between the two minima that separate this region from the neighboring transition regions. We use the extent of the highest-order axial mode to characterize the longitudinal extent of the microresonator, as this is the distance along which the probe taper excites microresonator modes. Let this microresonator width be W For frequency comb generation, it is desirable to make a microresonator with modes that exhibit equidistant eigenfrequency spacing over a broad bandwidth. Equidistant spacing optimizes phase matching and thus the efficiency of nonlinear processes driving comb generation, while broad bandwidth, in addition to being a figure of merit in its own right, enables self-referencing and synthesis of pulses with shorter duration. Microresonators made through tapering are observed to be more than ten times larger in ERV than can be made through the standard laser-induction method based on annealing the fiber, which is limited by the tension frozen into the fiber upon fabrication [25] , and support a larger number of axial modes across a broader bandwidth. The bandwidth spanned by the modes of these microresonators could be expanded by setting the azimuthal mode spacing such TABLE I. Microresonator properties. Fixed fit parameter x0 and free fit parameters h, L, and R, for microresonator profiles, in addition to the axial bandwidth ∆f (the frequency-space counterpart of ∆λ), the height of the microresonator in effective radius (ERV) space [see (6) ] ∆r, the number of axial modes N , the microresonator spatial width Wm, and the average spacings between axial modes ∆ν (over a full axial series) and ∆νr (over the reduced regions with superior uniformity indicated in Fig.  4 ). that equidistant frequency spacing is maintained across axial series corresponding to modes with different azimuthal quantum numbers m, as discussed in [7] . The minimal condition for this is that the azimuthal spacing ∆Λ is smaller than the full bandwidth of the series of axial modes. The microresonator on taper B satisfies this criterion, though fine control through temperature or stress tuning may be necessary to optimize the eigenfrequency matching and mode coupling conditions. We find that the profiles of the fabricated microresonators are well fit by a function of the form
where h is the height of the microresonator in wavelength space positioned with its maxima at x 0 , H(x − x 0 ) is the Heaviside step function, L and R are fit parameters characterizing the parabolic curvature for the left-and right-hand sides respectively, and this assumes q 1.
Microresonators with profiles of this form have equidistant modal frequency spacing even if L = R, as long as the profile is continuous [6] . Fits are shown in Figs. 3(c) & 3(f), with best fit parameters given in Table I . This L = R asymmetry offers a hint in the ongoing investigation into what processes shape these microresonators. The frequency spacing between adjacent microresonator axial modes ∆ν(q) = ν q+1 − ν q are directly assessed in Fig. 4 , and can be quantified with the relative standard deviation over the full axial mode range, which is 9% and 7% for tapers A and B respectively. The dashed lines enclose regions with superior uniformity and relative standard deviations of 3% and 4% for tapers A and B respectively. A frequency comb made using a microresonator with azimuthal spacing such that the modes at the edges of the uniform region overlap would preferentially transfer power to the equally spaced modes and offer superior uniformity compared to one that used the full axial range. We suggest that this uniformity may be improved with further optimization of the tapering process.
In summary, we demonstrate that the simple procedure of tapering fiber to ∼ 30 µm waist diameter gives rise to SNAP bottle microresonators in the resulting waist region that have large effective radius variation with hundreds of axial modes, loaded Q ≈ 10 6 , and a nearly harmonic profile that gives rise to good uniformity in eigenfrequency spacing. Refinement of the fabrication process towards precision control that optimizes frequency equidistance and matching of adjacent azimuthal orders would yield a promising method for fabricating frequency comb generators and delay lines. [26] and at CLEO 2018 [27] .
